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ABSTRACT
We present a gauge-xed M 5-brane action: a 6-dimensional eld
theory of a self-interacting (0,2) tensor multiplet with 32 world-
volume supersymmetries. The quadratic part of this action is
shown to be invariant under rigid OSp(8j4) superconformal sym-
metry, with 16 supersymmetries and 16 special supersymmetries.
We explore a deep relation between the superconformal symme-
try on the worldvolume of the brane and symmetry of the near
horizon anti-de Sitter innite throat geometry of the M 5-brane
in space-time.
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1 Introduction
M 5-brane [1] is one of the most interesting supersymmetric extended objects
with the rare property of being completely non-singular [2]. The recently
discovered kappa-symmetric action of the M 5-brane is the most mysterious
one [3, 4]. The superembedding approach to the M 5-brane theory was
developed in [5] and it gives a covariant set of equations of motion of the
theory in a beautiful geometric setting. The gauge-xed M 5-brane action
describes a 6-dimensional action of a self-interacting (0,2) tensor multiplet
with 32 worldvolume supersymmetries [6].
There is a growing interest to a 6-dimensional superconformal theory
which should describe the small fluctuations (and possibly interactions) of
the M 5-brane (M 5-branes) [7, 8, 9]. The standard lore here goes as follows:
\The (0; 2) theory of k 5-branes of M theory has a moduli space of vacua
(R5)k=Sk. At the origin of the moduli space, the theory is superconformal
and has U(k) gauge symmetry" [10]. It seems also that not much of this is
actually understood. The most dicult part of making this picture realistic
is related to our inability at present to construct a non-Abelian interaction of
k (0,2) supersymmetric tensor multiplets. This is dierent from the picture
of interacting D-branes where the underlying Yang-Mills eld theory of non-
Abelian vectors elds is available. In fact, not much is known even about
the superconformal theory of one tensor multiplet in d=6. Only the on shell
superconformal tensor multiplet in d=6 as well as an on shell conformal
supercurrent supereld are known [11].
The purpose of this paper is to study various aspects of the M 5-brane
theory. We present a detailed exposition and derivation of the -symmetric
M 5-brane action [3, 4] in our notation which are given in Appendix A. We
further present a detailed derivation of the gauge-xed action [6] describing
the self-interacting (0,2) tensor multiplet and its 32 global supersymmetries,
half of which are of the Volkov-Akulov type.
The quadratic part of this action, the free action of the tensor supermul-
tiplet, will be explicitly shown to be invariant under superconformal sym-
metry with 16 supersymmetries and 16 special supersymmetries. This su-
perconformal symmetry of the 6-dimensional theory has a bosonic part with
SO(6; 2) = SO(8)-symmetry, which is exactly the symmetry of the space-
time M 5-brane near the horizon. The near horizon geometry is given by
adS7  S4 [12]. The superconformal symmetry forms an OSp(8j4) algebra
whose bosonic part is SO(6; 2) USp(4).
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In the process of proving the superconformal symmetry of the (0,2) free
tensor multiplet action we have found that in general, except in the very
rst paper on Wess-Zumino model [13], the concept of rigid superconformal
symmetry was not developed to the extent which is required to establish the
presence or absence of superconformal symmetry of generic non-gravitational
theories. In [14] rigid superconformal transformations for scalar multiplets in
presence of a background metric are discussed. In most cases the local super-
conformal symmetry was developed in the past, in particular in 6-dimensional
case the superconformal matter couplings to supergravity were presented in
[15]. Since the actions of kappa-symmetric branes gauge-xed in a flat target
space are not gravitational actions but rather actions of matter multiplets,
we have worked out the concept of rigid superconformal symmetry in general.
We observe1 the fascinating relation between the enhancement of super-
symmetry near the M 5-brane horizon and emergence of superconformal su-
persymmetry for the small fluctuations of the 5-brane. The M 5-brane con-
guration in the bulk breaks 1/2 of the supersymmetry of 11-dimensional
supergravity. The brane interpolates between the Minkowski M11 space at
innity, which is maximally supersymmetric, and adS7  S4 near the hori-
zon, which is also maximally supersymmetric [12]. The symmetry of the
supersymmetric adS7 space-time is the symmetry of the superconformal eld
theory on the brane. At present we do not have a clear explanation of the
relation between enhancement of supersymmetry in space-time and emer-
gence of special conformal symmetry on the brane. However we have found
the relation between the bosonic symmetries of the anti-de Sitter space and
conformal symmetry on the brane.
In the past it was often conjectured that conformal supersingleton eld
theories will provide the action for small fluctuations of the superbranes. A
discussion of this conjecture with respect to near horizon geometry of var-
ious branes with extensive list of references can be found in the paper of
Gibbons and Townsend [12]. We recall the singletons are the most funda-
mental representations of the anti-de Sitter group SO(p + 1; 2). In case of
SO(6; 2) they are called doubletons. The supersymmetric singleton (double-
ton) eld theories live on the boundary of adSp+2 space, given by S
p  S1.
The singleton eld theories have some number of scalars and spinors and the
action has a superconformal symmetry. The doubleton supermultiplet forms
an ultra-short representation of the OSp(8j4) superconformal algebra and
1We are grateful to J. Maldacena who attracted our attention to this
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has 5 scalars, a chiral spinor (0,2) and an antisymmetric tensor with self-dual
eld strength [16]. The equation of motions of the doubleton theory, which
lives on S5  S1 boundary of the adS7 space-time have a superconformal
symmetry [17].
We will nd that the small fluctuations of the M 5-brane are indeed given
by the doubleton supermultiplet of adS7 group. However, the quadratic part
of the M 5-brane, gauge-xed in a flat 11-dimensional space, denes elds
on the 6-dimensional Minkowski space, it is superconformal invariant and
dierent from the superconformal doubleton eld theory since the equations
of motion are dierent. After verifying the superconformal symmetry of
the small excitations of the M 5-brane we will nd that the self-interaction
of the single M 5-brane in a flat 11-dimensional background violates the
superconformal symmetry of the quadratic approximation.
The paper is organized as follows. In Sec. 2 we introduce the concept
of rigid conformal symmetry of non-gravitational theories. For theories with
supersymmetry the conformal symmetry leads to the appearance of the sec-
ond special supersymmetry via the commutator of usual supersymmetry with
special conformal symmetry. We discuss the superconformal algebra in gen-
eral case and the one relevant to M 5-brane theory, an OSp(8j4) algebra.
Using a ‘triality’ of SO(6; 2) one can write down a manifestly symmetric su-
peralgebra with graded (fermionic) bosonic (anti) commutators. In Sec. 3
we present the OSp(8j4) superconformal algebra in more familiar form with
only 6-dimensional symmetry manifest: we have SO(5; 1) Lorentz symmetry,
translations, special conformal symmetry and dilatation, i.e. 28 generators of
SO(6; 2) bosonic conformal symmetries. Next, there are 16 supersymmetries
and 16 special supersymmetries and also the generators of internal symme-
try, an USp(4)  Spin(5) group. We further recall the properties of the
doubleton representation of the OSp(8j4) superconformal algebra [16] and
the doubleton eld theory [17].
In Sec. 4 we present a free theory of the (0,2) tensor multiplet in d=6 and
prove that it has a superconformal symmetry. We contrast our superconfor-
mal action for the small excitations of the M 5-brane with the doubleton eld
theory [17].
Sec. 5 describes the M 5-brane action in flat 11-dimensional space and
gauge-xing of local symmetries on the brane, reparametrization and kappa,
which leads to the theory of the self-interacting (0,2) tensor multiplet. The
quadratic part of this action is shown to coincide with the action of the free
theory of the (0,2) tensor multiplet. The interaction terms are shown to
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break superconformal symmetry of the free action.
In Sec. 6 we explore the connection between superconformal symmetry on
the worldvolume and M 5-brane as a classical BPS solution of 11d supergrav-
ity which near the horizon tends to adS7  S4 geometry with enhancement
of supersymmetry near the horizon. We display the relation between the lin-
early realized SO(6; 2) part of superconformal symmetry of the adS7 space
(considered as a hypersurface in an 8-dimensional space) and non-linearly
realized superconformal symmetry SO(6; 2) on the 6-dimensional worldvol-
ume. In Conclusion we list our main new results. Appendix A contains the
notations. They are rather extensive as we have to deal with spinor struc-
tures in SO(10; 1), SO(5; 1)and SO(6; 2) theories. Appendix B has some
useful information on rigid superconformal symmetry for non-gravitational
theories and nally, Appendix C has details on the derivation of -symmetry
of the M 5-brane.
2 Superconformal symmetry in
non-gravitational theories
The superconformal group in the past was used as a tool for obtaining super-
gravity actions with matter couplings invariant under local super-Poincare
transformations in various dimensions [18, 19, 20]. First the action was build
with superconformal symmetry and then the conformal symmetry was gauge-
xed: the remaining action provided the action of supergravity coupled to
all possible matter multiplets.
At present there is a growing interest to superconformal non-gravitational
theories. In principle, for this purpose one can use the available information
in the literature on local superconformal theories and decouple supergrav-
ity to be left with superconformal theories of matter multiplets. However,
in practice, this is a rather complicated route. Therefore we will set up
here a general procedure to dene superconformal non-gravitational theo-
ries directly avoiding introducing and decoupling gravity. This we call rigid
superconformal symmetry. First we consider the bosonic part of the super-
conformal symmetry and after that the enlarging with supersymmetry.
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2.1 Conformal transformations in dimension d > 2
The bosonic part of conformal transformation in dimension d includes the
Lorentz transformation M of SO(d− 1; 1), the translation P, the special
conformal transformationK and the dilatationD [21]. Here  = 0; 1; : : : ; d−
1. All these transformations can be nicely packaged in an algebra of the
conformal group SO(d; 2) with generators M^^ = −M^^, ^ = 0; 1; : : : ; d+ 1:
Those include the Lorentz generators M of the subgroup SO(d − 1; 1),
whereas translations , special conformal transformations and dilatations form
the rest of the SO(d; 2) algebra as follows:
P = 2(Md +M(d+1)); K = 2(M(d+1) −Md); D = 2M(d+1)d : (2.1)
Thus the conformal group is SO(d; 2) dened by the algebra
[M^^ ;M^^] = ^[^M^]^ − ^[^M^]^ ; (2.2)
where  is the diagonal metric (−+ +::: +−). Corresponding to those con-
formal generators fP;M ; D;Kg, with the parameters fa; M ; D;Kg;




MM + DD + 

KK : (2.3)
In general, elds i(x) of the d-dimensional theory have the following trans-
formations under conformal group:
C
i(x) = (x)@





i(x) + K (k)
i (x) : (2.4)
To specify for each eld i its transformations under conformal group one
has to specify:
i) transformations under the Lorentz group, encoded into the matrix
(m)
i
j. The properties of the matrix m which denes the Lorentz ro-
tation can be found in appendix B.
ii) The Weyl weights, wi.
iii) Possible extra parts of the special conformal transformations (k)
i
(apart from those connected to translations, rotations and dilatations as
shown below in (2.5) and (2.6)). Examples of such transformations can be
found e. g. in case of elds forming a representation of the real N = 1 super-
multiplet in d=4 with Weyl weight w: in particular, under special conformal
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transformations the last component eld D transforms as D = −2wKDC
where C is the rst component of the real supereld [22, 19]. The Weyl weight
of (k
i) should be w − 1, and k are mutually commuting operators.
We now can explain the various terms and why the transformations are
called rigid. The parameters fa; M ; D;Kg are all x-independent global,
but the transformation of the elds does depend on the coordinates x of the
d-dimensional space via the x-dependent translation (x),
(x) = a + M x + Dx
 + (x2K − 2xx  K) ; (2.5)
x-dependent rotation M (x) and x-dependent dilatation D(x):





 = D − 2x  K : (2.6)
Here the x-dependent translation (x) is the Killing vector satisfying
@() − 1d@ = 0 : (2.7)
In d=2 the Killing equations are reduced to @z  = @z = 0 and this leads to
an innite dimensional conformal algebra. In dimensions d > 2 the conformal
algebra is nite-dimensional.
With these rules the conformal algebra is satised. The question remains
when an action is conformal invariant. We consider local actions which can
be written as S =
∫
ddxL(i(x); @i(x)), i.e. with at most rst order deriva-
tives on all the elds. For P and M there are the usual requirements of a
covariant action. For the local dilatations we have the requirement that the
weights of all elds in each term should add up to d, where @ counts also for
1, as can be seen from (B.5). Indeed, the explicit D transformations nally
have to cancel with
(x)@L  −(@(x))L = −dD(x)L : (2.8)























@ indicates a right derivative. The rst terms originate from the
K-transformations contained in (2.5) and (2.6). In most cases these are
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sucient to nd the invariance and no (k) are necessary. In fact, the
latter are often excluded because of the requirement that they should have
Weyl weight wi − 1, and in many cases there are no such elds available.
Although we will show that this condition is satised for many dilatational
invariant theories, it is non-trivial. As a counterexample we give the action











When proving special conformal symmetry of the (0,2) theory, we will use
(2.9) describing in general case the variation of the action under special
conformal symmetries.
Thus the lesson from this section is that to establish a rigid conformal
invariance of a non-gravitational action in general one has to use the transfor-
mations on elds as given above, see also Appendix B for additional details.
The special conformal symmetry in general does not follow from Poincare
and dilatation symmetry and has to be established independently.
2.2 The supersymmetric algebra
Enlarging the conformal algebra with supersymmetry Q one automatically
gets a second ‘special’ supersymmetry S as the commutator of K and Q.
Furthermore in the anticommutator of Q and S appears apart from the
conformal transformations also an ‘internal’ symmetry group. The algebras
were classied in [23]. To satisfy the theorem of Haag,  Lopuszansky and
Sohnius, [24] the conformal group should appear as a factored subgroup of
the bosonic part of the superalgebra, and the fermionic generators should sit
in a spinorial representation of that group. In 6 dimensions this is satised
with OSp(8j2N). At rst sight, this would give spinor generators in the
fundamental of SO(8). But SO(6; 2) has ‘triality’. This means that the
left-handed spinor, the right-handed spinor and the vector representations
are all equivalent. We will therefore rst rotate the generators M^^ to anti-


















See appendix A.4 for the properties of gamma matrices in (6; 2) space. These
properties imply that C^Γ^^^ are the only antisymmetric ones in chiral space















In the new form, the SO(6; 2) algebra is[
M^^;Mγ^^
]
= C^^[γ^M^]^ − C^^[γ^M^]^ ; (2.13)
where the charge conjugation matrix (symmetric in (6; 2)) plays now the role
of metric.
For (0,2) theories we want 16 supersymmetry generators + 16 special
supersymmetries, which we nd in OSp(8j4), which implies that the internal
symmetry group is USp(4)  SO(5).
Orthogonal groups are dened by the transformations between vectors
V ^, leaving invariant the inner product < V; V > V ^^^V ^ (symmetric
metric ). For orthosymplectic groups we introduce superspace vectors V  =
(V ^; V i), where the rst ones are bosonic (8 in our case), and the latter
ones fermionic (4 for us). The group is then dened by the transformations
V  !MV , leaving invariant the inner product
< V; V >= V V
 ; (2.14)






graded symmetric, i.e. symmetric in the upper left part, and the lower right
part contains the antisymmetric metric of USp(4).
Raising and lowering indices with this metric, we can write the generators
with all indices down, and using the notation for signs where (−)^ = 1, and
(−)i = −1 (i.e. in these sign factors the bosonic indices ^ get the value 0,
and i is 1), we then have
M = −M(−) ; (2.16)
which are of statistics (−)+. Thus there are (introducing for future refer-
ence the notation Uij = Uji for what will become the USp(4) generators):
bosonic : M^^ = −M^^ ; Uij Mij = Mji ;
fermionic : M^i = −Mi^ : (2.17)
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All the (anti)commutators can then be written by the rule
[M;MΓg = 12ΓM + 12MΓ(−)(Γ+)
−1
2
MΓ(−)Γ − 12ΓM(−)Γ : (2.18)
The left hand side contains the graded commutator. This rule is thus the
same as for the orthogonal groups, see e.g. (2.2), apart from signs corre-
sponding to the interchanges of indices (and we used that the 2 indices on 
have the same statistics).
The bosonic subalgebra contains two parts. For all indices of the bosonic
type, we recover (2.13). For the bosonic operators with two fermionic indices
we nd the unitary symplectic algebra:
[Uij ; Uk‘] = Ωi(kU‘)j + Ωj(kU‘)i : (2.19)
Due to the triality transformation, the commutators of the conformal
algebra generators and the supersymmetries are now in the form






while the symplectic transformations of the fermionic generators are
[Uij ;Mk^] = −Ωk(iMj)^ : (2.21)
The operator D = 2M76 in vector indices becomes now proportional to Γ76.
According to (A.33) its eigenvectors will thus distinguish the chiral and an-
tichiral parts of a spinor in 6 dimensions. This implies that the Q and S





latations, correspond with the parts in the splitting of the spinors Mi^ as in


















which we will explicitize below.
Also here it is useful to introduce x-dependent supersymmetry parameters
to describe rigid superconformal transformations [13]
(x) = + γx
 ; (2.24)
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where  and  are the parameters of Q and S supersymmetry. The full
generator of the innitesimal transformations of the superconformal group is
given by





where in addition to conformal transformations dened above we have super-
symmetry, special supersymmetry and internal symmetry transformations U .
3 The superconformal algebra
in six dimensions
Here we will rewrite the superalgebra OSp(8j4) in (2.18), relevant for six-
dimensional (0,2) non-gravitational theory, in more standard terms. First
we consider the 28-parameter conformal group SO(6; 2) which include the 21
parameter Poincare group, dilatations and special conformal transformations.
The algebra is given by 2 (2.2), which, using the denitions (2.1), gets the
form
[M ;M
] = −2[[M]] ;
[P;M ] = [P] ;
[K;M ] = [K] ;
[P; K ] = 2(D + 2M) ;
[D;P ] = P ;
[D;K ] = −K : (3.1)
On the elds this is realized as
[C(1); C(2)] = C (
 = 2@

1 − 1@2 ) : (3.2)
The anticommutator of supersymmetries Q produces translation, that
of the special supersymmetries S produces a special conformal transfor-
2In the 2-dimensional case the analogous set of generators (M01; D; P0; P1; K0; K1)
corresponds to a nite subgroup of the innite dimensional conformal group and is well
known in terms of L−1 = 12 (P0−P1), L0 = 12D+M10, L1 = 12 (K0+K1), L−1 = 12 (P0+P1),L0 = 12D −M10, L1 = 12 (K0 −K1). Higher order Ln; jnj  2 have no analogs in d > 2.
The Q and S supersymmetries are in d = 2 the Neveu-Schwarz generators G− 12 and G 12
respectively.
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mation and nally the anticommutator of supersymmetry with the spe-
cial supersymmetry produces a dilatation, a Lorentz transformation and an
USp(4)  Spin(5) rotation U ij :
fQi0 ; Qj0g = −2(γ)00ΩijP  ;
fSi0; Sjg = −2(γ)ΩijK ;
fQi0 ; Sjg = −2c0(ΩijD + 4U ij)− 2(γ)0ΩijM : (3.3)
The USp(4) part of the algebra is (2.19). There is also a set of commutators
between generators of conformal group and fermionic generators which carry
the information that the supersymmetry and special supersymmetry trans-









0 ; [M ; S
i















There are two important commutators: i) between special conformal symme-
try and supersymmetry, which produces special supersymmetry. This means
that each time when the theory has special conformal symmetry and su-
persymmetry, the special supersymmetry is guaranteed; ii) Translation and
special supersymmetry generate supersymmetry.
[K; Q
i
0 ] = (γS)
i
 ; [P; S
i
 ] = (γQ)
i
0 : (3.5)
Finally, there are commutators of supersymmetry and special supersymmetry
with internal symmetry carry the information that the supersymmetry and
special supersymmetry are in the fundamental representation of the internal
group USp(4) as given in (2.21).
This is a full set of generators of OSp(8=4) supergroup which is a su-
per extension of the anti-de Sitter group in 7 dimensions. All positive-
energy unitary representations of this supergroup are constructed in [16]
using super-oscillators. In particular, the ultrashort multiplet, called dou-
bleton was found in [16] by using one pair of oscillators. The corresponding
6-dimensional eld theory was expected to contain a two-index antisymmet-
ric tensor eld with a self-dual eld strength, 5 scalars and a (0,2) chiral
spinor. The superconformal doubleton eld theory was constructed in [17].
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In fact due to the self-duality of the tensor elds only the eld equations were
found. The theory was constructed for the elds which live on the bound-
ary of the adS7 which is an S
p  S1 space. The equations of motion were
shown to transform into each other under the action of the superconformal
transformations. In particular, the equation of motion for the 5 scalars of
the doubleton eld theory was found to be
(r@ − 4)a0 = 0 ; (3.6)
where the covariant derivative is due to the fact that the elds are coupled
to the curved background of Sp S1. We will show below that the action of
the free tensor multiplet in Minkowski 6-dimensional space is superconformal
invariant and the equation of motion for 5 scalars, being a free equation, is
dierent from (3.6).
4 Small excitations of the M 5-brane
We consider the following action which will be later shown to be a quadratic











a0  @Xa0 + 2 6@
]
: (4.1)
This is the action of the free superconformal (0,2) tensor multiplet in a 6-
dimensional Minkowski space 3. There are 5 scalars Xa
0
, a right-handed
16-component spinor  and a tensor eld B with on shell self-dual eld
strength. The auxiliary eld a(x) was introduced by Pasti-Sorokin-Tonin
[26] in order to write down a 6-dimensional Lorentz covariant action for a




convert a 3-index eld H into 2-index eld H :
H = 3@[B] ; H  Hv : (4.2)









3Recently an action of a free (0,1) tensor multiplet was presented in [25]. This action
was shown to be supersymmetric. Our proof that the action of (0,2) tensor multiplet is
not only supersymmetric but also superconformally symmetric can be easily applied to






(H −H) : (4.4)
The action is invariant under the local symmetries I, II and III discovered in
[25]:
I) IB = 2@[] ; Ia = 0 ;





’ ; IIa = ’ ;
III) IIIB =  [v] ; IIIa = 0 : (4.5)
Using these symmetries one can show that the eld equation for the tensor




(H −H) = 0 : (4.6)
The transformations I and III are reducible gauge invariances. First there is
the usual one for gauge antisymmetric tensors. But there is more:
a)  = @ ;
b)   = v ;
c)  = u




The action is invariant under rigid conformal symmetry under condition
that we assign the following weights to our elds
w(Xa
0





w(v) = 0 ; w(H) = w(Hv
) = 3 : (4.9)
One can easily see the Poincare symmetries. For the special conformal trans-
formations we have to check (2.9). It is satised separately for i representing
the elds a, Xa
0
,  and B . In fact the mechanisms at work are typical for
the usual way in which dilatational invariant theories are often conformal
invariant:
1. a is a scalar of Weyl weight 0, such that both terms in the bracket of
(2.9) are vanishing.
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2. The term with i ! Xa0 is a total derivative.
3. i falls in the category of spinors whose derivative appears in the action
as 6 @, and have Weyl weight (d − 1)=2. The various terms in (2.9)
cancel.
4. Similarly B with Weyl weight 2 belongs to the category of vectors
or antisymmetric tensors whose derivatives appear as @[1B2:::p] with
Weyl weight p − 1. Again with this weight the terms cancel in (2.9).
This value of the Weyl weight is what we need also in order that their
gauge invariances and their zero modes commute with the dilatations.
The action is invariant under the superconformal supersymmetry trans-
formations with left-handed parameter  and right-handed :
X




( 6@Xa0)γa0(x)− 16h+γ(x) + 2Xa
0
γa0 ;
B = −2(x)γ : (4.10)
We remind that (x) = + γx
 as explained in (2.24) with respect to rigid
supersymmetries. Here the o shell (anti) self-dual tensor eld strength is
dened as







H − 2vv[Hγ] : (4.11)






















After taking the -variations one adds partial derivatives such that the deriva-
tives do not act on . Then one nds that there only remain derivatives on









Using @(x) = γ, the second term drops due to the identity γ
γγ = 0.
The rst term can then be cancelled by the explicit  term in . Thus we
have established that the action has an o shell superconformal supersym-
metry as well as a set of gauge symmetries dened in (4.5).
The equations of motion for the scalars of the free superconformal tensor
multiplet in Minkowski space are
@@X
a0 = 0 ; (4.14)
which is dierent from the equations for the doubletons (3.6) which was
presented in Sec. 3.
One can calculate the algebra of such transformations. The easiest part is
the action of supersymmetries and special supersymmetries on the 5 scalars
Xa
0
. It is given by
[(1(x)); (2(x))]X











This expression is a convenient way of representing all the anticommutators





2 − 22γ1 ;
D = 212 − 221 ; K = 21γ2 : (4.16)
The auxiliary eld a is a singlet on all the fermionic symmetries [27]. The
algebra is
[1; 2]a = 21γ
2@a+ (x) = 0 ; (4.17)
which denes the gauge II transformation parameter (x) = −21γ2@a(x)
to be a function of a derivative of the a-eld. On B eld the algebra will be
most complicated, as it will include all 3 type of gauge transformations I, II,
III depending on elds and bilinear in susy and special susy parameters. On
fermions the algebra will contain terms with equations of motion. Altogether
this is an example of a so called ‘open’ and ‘soft gauge algebra’ [28], which
often appear in supersymmetric gauge theories, supergravity and conformal
theories. ‘Open algebra’ refers to the fact that equations of motion are neces-
sary to close the algebra, the algebra is exact on physical states. ‘Soft algebra’
means that the commutators close with field-dependent structure functions:






ij 6= 0. Thus the ‘structure constants’ of the group are not really constant
but are eld dependent and therefore space-time dependent. Starting from
this type of a soft gauge algebra which follows from the symmetries of a given
Lagrangian, one can dene a so called ‘hard gauge algebra’ where all elds
are taken to be constant (consistent with the eld equations). All structure
constants of the algebra become then indeed constants @c
k
ij = 0. This can
be understood as a bona de algebra. It does not have to be associated with
any particular Lagrangian and could have a potential of describing theories
with symmetries of a given supergroup even in absence of a particular eld
theory Lagrangian. The corresponding abstract algebra for the 6-dimensional
superconformal group was presented in the previous section on pure algebraic
basis. After identication of the ‘soft algebra’ from the dynamical Lagrangian
of the tensor multiplet, one can verify that the ‘hard algebra’ derived from
this Lagrangian is exactly the one given in Sec. 3.
5 Classical action of the M 5-brane.
The classical kappa-symmetric action of the M 5-brane was discovered by
Bandos, Lechner, Nurmagambetov, Pasti, Sorokin and Tonin in Lorentz co-
variant form [3] and by Aganagic, Park, Popescu and Schwarz [4] in Lorentz-
non-covariant form. The covariance was achieved in [3] with the help of an
auxiliary scalar eld and additional gauge symmetries (type II and III). Upon
gauge-xing of these additional gauge symmetries a covariant M 5-brane ac-
tion can be reduced to a non-covariant form [4].
The form of both actions is rather complicated, the Wess-Zumino term
was not yet derived in an explicit form and nally there is a technical prob-
lem associated with dierent notations, sometimes not fully presented, in all
available M 5-brane papers.
Therefore we will rst present a detailed form of the Lorentz covariant
classical action in a flat 11-dimensional background together with the com-
plete set of notations in Appendix A and more details on -symmetry in
Appendix C. We will also give an explicit form of the WZ terms.
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5.1 The action and its symmetries
We start from the following elds on the 6-dimensional world-volume of the
5-brane.
XM(x) ; (x) ; B(x) ; a(x) : (5.1)
Here 11 XM(x) and 32 (x) are coordinates of the 11-dimensional superspace
which however are not considered as labels only but as dynamical variables
on the brane. B(x) is the tensor eld on the brane and a(x) is an auxiliary

















The rst term in the action is given as an integral over the 6-dimensional
volume and the second term, Wess-Zumino term, is presented in the form of
an integral over the 7-dimensional manifold M7, which has as a boundary
the 6-dimensional worldsheet, and I7 is a total derivative (see section 5.2).





 ; g = − det g
M = @X
M − ΓM@
H = dB ; which is H = 3@[B]
H = H − c3 ; which is H = 3@[B] − c






; v2 = 1
H = vH












R7 = dc6 − 12c3 ^R4 =
1
5!
M1 :::M5dΓM1:::M5d : (5.3)
Here ;  indices are raised or lowered with g . The expression R4 is d-closed,
which shows the consistency of the denition of c3, while the consistency of
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the denition of c6 follows from
2dR7 +R4R4 = 0 : (5.4)




− det(g + iH) : (5.5)
The gauge symmetries of the classical action in 6 dimensions are:
 local dieomorphisms
 -symmetry (innitely reducible)
 I, II, III (reducible)






H + 2 G
@H
)
; IIa = ’
III) IIIB =  [v] ; IIIa = 0 : (5.6)
For the zero modes of I, and III, see (4.7).
Furthermore there are rigid symmetries in 11 dimensions
 Poincare (translations with parameter aM and rotations MN).
PX
M = −aM − MNXN ; P  = −14ΓMNMN (5.7)
For later convenience we took a minus sign for the translations in 11
dimensions.
 supersymmetry
Under rigid space-time supersymmetry and 6-dimensional local -symmetry
 =  ; X
M = ΓM
 = (1 + Γ) ; X
M = ΓM : (5.8)
The auxiliary eld a does not transform under -supersymmetry and -
transformations. The matrix Γ and the -transformation of B will be
given in section 5.3. For giving its -transformation, we rst write
R4 = 0 ; R4 = dc3 ; c3 = dc2() : (5.9)
18
































We can thus choose the transformation of B such that H is invariant under
rigid supersymmetry:
H = 0 ! B = c2() : (5.11)
5.2 The Wess-Zumino term
Now we will dene the Wess-Zumino term. Due to (5.4) we have that dI7 = 0,
and [30]












The Wess-Zumino term can thus also be dened as the 6-dimensional integral
of one of the expression in brackets in the equation above. Its normalization





































1:::6 (c1:::6 − 10H123c456) : (5.14)















4Alternatively, but more dicult, it is xed by -symmetry.
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M1   M5 + 1
48




















With indices we thus have
c = −3γ[@] + : : :
c1:::6 = 6
γ[1:::5@6] + : : : : (5.17)
Here we have introduced the notation
γ = 
M
 ΓM ; γ = γ[γ] ; : : : : (5.18)
This accomplishes the derivation of the explicit form of the M 5-brane action.
We still have to show that the M 5-brane action upon gauge-xing in
a flat 11-dimensional background leads to a quadratic action for the tensor
multiplet which in the quadratic approximation was shown to have a super-
conformal symmetry.
5.3 -transformations and gauge fixing
The form of the -transformations acting on all elds is dened by the form
of -transformations acting on :
(x) = (1 + Γ)(x) : (5.19)

































M = 2dΓM ; a(x) = 0 : (5.21)
We will summarize a proof of these results in appendix C.
The -symmetry dened above is innite reducible since it is given in
terms of 32-component spinor , which however one can change by (1 −
Γ)1(x), for any function 1 since (1 + Γ)(1− Γ)1(x) = 0.
We rst dene the irreducible -symmetries, following [6]. The matrix Γ
in (5.20) has square 1, such that the transformations where  is proportional
to 1−Γ are zero modes of (5.8). To identify the irreducible part, we consider
rst the classical values. We consider the classical solution of the equations
of motion
X = x ;  = 0 = 0 ; X
a0 = constant ; B = 0 : (5.22)
Then
Γjcl = γjcl = Γ : (5.23)








= 0 : (5.24)







with TrC 0 = TrC and AC = C 0A ; (5.25)
and if A is invertible: B = (1 − C2)A−1 = A−1(1 − C 02). With the reduced
-symmetries, we thus have under the fermionic symmetries (5.8)
f =  + (1 + C)

f0 = 0 + A0
 : (5.26)
In the classical limit A = 0 and C = 1, therefore one can take the gauge
 - gauge : 1
2





= 0 : (5.27)
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The corresponding decomposition law is5






where we have renamed the remaining fermion is 0 , as , which is then
right-handed.
We also gauge-x the 6-dimensional dieomorphisms by
6-dimensional dieomorphisms - gauge : Xa(x) = ax
 : (5.29)
The resulting decomposition law is :
X = 0 )
a




a0 − γa − RγaAL : (5.30)
This implies that after the gauge xing the elds Xa
0
and  transform under
the 32 rigid supersymmetries as follows
X









R + A(1 + C)
−1L
)






















Due to the chirality restriction of the gauge xed , which becomes now ,







After gauge-xing, we can use in the M 5-brane action (5.2) (action of
the self-interacting tensor multiplet)
g =  − γa(a@ + a@)+ @Xa
0
@X
a0 + (γa@)(γa@) (5.34)
and






5For convenience, we indicate here L for left-handed and R for right-handed spinors.
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The following explicit form of the Born-Infeld expression G for what concerns
the dependence on H can be given:





HH + 18(HH)2 − 14(HHHH)
)
:


















where in the expression for c6 in (5.16) one has to replace  by the chiral
spinor , and can use (5.32).
The action is invariant under the 32 global supersymmetries on the world-
volume. The supersymmetry transformations for the scalars Xa
0
and the
spinors are given in (5.31) where again A and C have to be taken at the values
of g and H presented in (5.34) and (5.35). The worldvolume supersym-
metry transformations of B can be derived in analogous fashion from its
-symmetry, space-time supersymmetry and 6-dimensional dieomorphism
transformation. Remark that also a is not inert under these transformations,
due to a = @a. The SO(10; 1) rotations of the original theory break
up in linearly and non-linearly realised symmetries. The linear ones are the
SO(5; 1)SO(5) transformations. The rst factor gets from  in (5.30) the
extra contributions such that they are the Lorentz rotations as in section 2.1.
For the SO(5) transformations we have a
0b0 = −a0b0 . The remaining trans-
formations in the coset SO(10;1)
SO(5;1)SO(5) are non-linear in the gauge-xed theory.
5.4 Cutting to the linearized action
By linearized, we imply that we count powers of Xa
0
,  and B , leaving
a arbitrary. We keep in the action terms quadratic in these elds, and in
transformation laws linear terms. We obtain
















d6x  6@ (5.38)
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@Xa0 + 2 6@
]
: (5.39)
For the transformation laws, the remaining parts of the decomposition
law are:
 = a + x

(1 + C) = 1
2
γa0γa
a0a−  : (5.40)
The remaining part from the 6-dimensional general coordinate transforma-
tions are thus the rigid 6-dimensional Poincare transformations (for the
spinors they combine with the 66 part of the 11-dimensional Lorentz trans-
formations). There remain also the translations in the extra 5 dimensions, as
constant shifts of the Xa
0
, and the Lorentz rotations in these 5 dimensions.
These become the internal symmetry USp(4). The remaining o-diagonal
parts of the Lorentz transformations remain only as
off−dXa
0
= −a0x : (5.41)
Remains the supersymmetry part. We have
fX
a0 = −2Lγa0R
fR = −A(1 + C)−1L
fB = −2LγR : (5.42)
At the linear level we have



















A = −γa0 6@Xa0 + 13h+γ : (5.43)











γa0 6@Xa0L − 16h+γL : (5.45)
Thus we have derived the action for the small excitations of the M 5-brane
from the non-linear action. The supersymmetries of the quadratic action
follow from the supersymmetries of the full non-linear action (however only
16 of the 32 are linear supersymmetries acting on the states of the multiplet).
The special supersymmetries presented in Sec. 3. emerge only for quadratic
approximation of the full M 5-brane theory.
5.5 Breaking of superconformal symmetry by self in-
teraction of the tensor multiplet
Consider the full non-linear action of the gauge-xed M 5-brane (5.2). We
can expand it around the quadratic approximation









)2 + 2 6@) + Sinteraction : (5.46)
Interaction terms are cubic, quartic etc. in scalars Xa
0
, spinors and tensors.
For example we have terms of the form
@X
a0@X
a0H ; @Xa0@Xa0γ@ ; HH(@Xa0)2 (5.47)
etc. All of these terms are not invariant under dilatation and therefore the
superconformal symmetry of the free action of the tensor multiplet is lost.




eld in the tensor multiplet by l3P . The quadratic part of the action will be
independent on lP however, the interaction terms will all depend on lP : cubic
terms will have lP in front, quartic will have l
2
P etc. An interesting question
which remains is to nd out what will happen if the M 5-brane action would
be quantized in the curved background of 11-dimensional supergravity. This
would correspond to taking into account terms proportional to lP in the
background. Is it possible to restore the superconformal invariance of the
free tensor multiplet in presence of both self-interaction as well as interaction
to supergravity? This we leave for further investigations.
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6 M5 as a classical solution of 11-dimensional
supergravity and conformal symmetry
One of the most puzzling issues of the current status of our understanding
of the fundamental theory is the relation between the space-time and the
worldvolume pictures. Here we suggest a step to uncover this relation: we
will study the symmetry of the space-time near the horizon and symmetry
of the quantum eld theory on the worldvolume.














where  is a parameter and dx2a0 = d

















d2 + 2d2Ω : (6.2)













3 = f(w)w2 ; (6.4)
where f(w) is analytic at w ! 0. Thus















)2+ 2d2Ω : (6.6)
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The adS7 transformations form the group SO(6; 2). This can be made
explicit by dening it as a submanifold of an 8-dimensional space
fX; X−; X+g
with metric (signature (−+ + + + + +−))
ds2 = dXdX
 − dX+dX− : (6.7)
The submanifold is determined by the equation
XX
 −X+X− + (2)2 = 0 : (6.8)







The induced metric on the hypersurface is




The SO(6; 2) is linearly realized in the embedding 8-dimensional space, and
these transformations, (^ = ;+;− and ^^ = −^^)
X ^ = ^^M^^X
^ = −^^X ^ ; (6.11)
satisfy the algebra (2.2). Some of these transformations are then non-linearly
realized on the 5 + 1 space of the brane. Indeed we get
x = − ; (6.12)
with  as in (2.5), when we identify







D = −−− = ++ ; K = + = 12− : (6.13)
Thus we have found that the fact that the geometry of the innite throat




We have performed here a study of the M 5-brane theory whose small exci-
tations are associated with OSp(8j2N) superconformal theory in d=6. Our
main new results are the following.
We explained the generic procedure which allows to establish the presence
of rigid superconformal symmetry in non-gravitational theories in dimensions
higher than 2.
We have derived an action of the (0,2) free tensor multiplet in 6 dimen-
sions. The action has a superconformal symmetry and it is Lorentz covariant
due to the use of the Pasti-Sorokin-Tonin [26] auxiliary eld a(x). The precise








)2 + 2 6@ : (7.1)
where the two-index eld H is a usual 3-index eld strength of the tensor
eld contracted with the derivative of the auxiliary eld and  (−) on H
mean dual (anti-self-dual) combinations. The Weyl weights and properties
of elds under special conformal transformations, under supersymmetry and
special supersymmetry and internal symmetry group can be found in Sec. 4.
This action was derived as a truncation of the full gauge-xed M 5-brane
action. The meaning of scalar elds Xa
0
(x) is that they are excitation of
the ve transverse directions of the brane in space-time, the meaning of
the chiral worldvolume spinors (x) is that they are excitations of (half) of
the 11-dimensional superspace coordinates (x) and nally, H(x) represent
a tensor eld on the brane which does not have a simple interpretation in
space time but is necessary to complete the supersymmetric tensor multiplet
on the worldvolume. The supersymmetry transformations of the free tensor
multiplet are derived by the truncation of the non-linear supersymmetry,
however the special supersymmetry emerges only for the quadratic action
describing the small excitations of the M 5-brane.
The interaction terms of the M 5-brane action violate superconformal




We have given a detailed derivation of the gauge-xing procedure for the
full non-linear M 5-theory with 32 linear-non-linear global supersymmetries.
This leads to a better understanding of the single M 5-brane dynamics. One
may try to generalize the gauge-xing procedure for the case of the non-
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trivial backgrounds. So far we have only worked in a flat 11-dimensional
superspace background.
Finally we focused on the deep relation between adS7 geometry of the M
5-brane throat and the supergroup generalization of it, which is precisely the
superconformal algebra of the small excitation of the brane. We explain this
relation in Sec. 6.
We have displayed the full superconformal algebra which corresponds
to the symmetry of the (0,2) tensor multiplet in six dimensions. We have
presented the OSp(8j2N) algebra in two forms: rst, using a ‘triality’ of
SO(6; 2) we gave a manifestly symmetric superalgebra with graded (fermionic)
bosonic (anti) commutators, see (2.18). Secondly, we presented the OSp(8j4)
superconformal algebra in more familiar form which includes 28 generators
of SO(6; 2) bosonic conformal symmetries and 16 supersymmetries and 16
special supersymmetries and also the generators of internal symmetry, an
USp(4)  Spin(5) group, see Sec. 3. We have only studied here the clas-
sical superconformal algebra since in d=6 even this is much less understood
than in d=2 and in d=4.6 The next step will be to study the OPE’s and
extract information about correlators of various operators in 6-dimensional
superconformal eld theories.
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A Notations
We start from 11-dimensional superspace with coordinates
Z = fXM ; Ag : (A.1)
Let us recapitulate a list of indices and their range:
M = 0; 1; : : : ; 10 11-dim. space-time
A = 1; : : : ; 32 11− dim. spinor indices, equivalent with f(i); (0i)g
 = 1; : : : 4 chiral 6-dim. spinor indices
0 = 1; : : : 4 antichiral 6-dim. spinor indices
i = 1; : : : ; 4 USp(4) indices
 = 0; 1; : : : ; 5 curved on the 6-dimensional worldsheet
a = 0; 1; : : : ; 5 flat on the 6-dimensional worldsheet
a0 = 6; : : : 10 SO(5) indices
^ = 0; 1; : : : 7 (6,2) vector indices
^ =; 1; : : : 8 (6,2) chiral (right) spinor indices. (A.2)
The XM thus reduce to fX; Xa0g, the former being gauge xed to x, world-
sheet coordinates on the 5-brane.
The space-time metric MN is (−+ : : :+).





A.1 Decomposing 11-dimensional gamma matrices
and spinors
Many aspects about the Cliord algebras in various dimensions can be found
in [31]. In 11 dimensions the charge conjugation matrix is C, which is anti-
symmetric, and CΓM is symmetric. Majorana spinors satisfy   −iyΓ0 =
TC. With indices, the matrix C is CAB, and CABCCB = AC , and gamma
matrices are written as (ΓM)A











We now decompose the 32-component spinor index A in f(i); (0i)g,
and simultaneously M in fa; a0g. The  and 0 will be chiral and antichiral
indices in 6 dimensions as we will take a representation where






where in the notation with ⊗ the rst factor refers to the 8  8 matrix in
(; 0), while the second factor refers to the 4 4 matrix in indices i. In this

















⊗ γa0 ; (A.5)
where Ω is the (real antisymmetric) symplectic metric, and there are further
relations
c cy =
~γaγb + ~γbγa = 2ab ; γa~γb + γb~γa = 2ab
~γya = γ0γa~γ0 ; or
{
~γya = γa for a 6= 0
~γy0 = −γ0
cT γa = −γTa c implying also c ~γa = −~γTa cT
γa0γb0 + γb0γa0 = 2a0b0
γya0 = γa0 ; Trγa0 = 0 ; Ωγa0 = − (Ωγa0)T : (A.6)











⊗ Ωγa0 : (A.7)
Finally (A.4) imposes on our representation that
γ0~γ1γ2~γ3γ4~γ5 = − ; (A.8)
which then also implies ~γ0γ1~γ2γ3~γ4γ5 = .






















































 : Ωij = −(Ωij)−1 : (A.10)
The matrix ~γa is now the matrix γa where the rst (lower) index is the












 ; (γa) = (γa)
0c0 : (A.12)
Remark that the Majorana condition is
 = TC or A = BCBA = −CABB = −A ; (A.13)
using again the NW-SE index contraction.
A.2 6-dimensional conventions






, we obtain the 6-dimensional Majorana condition which we will
adopt
i





= −i0 ; (A.14)
which also applies for indices  and 0 interchanged, and where the last
equation uses raising of indices with NW-SE convention:
i = 
jΩji ; 
i = Ωijj : (A.15)






"left handed" or "positively chiral" : (A.16)
32
They thus satisfy  = Γ. Note that the Majorana conjugate has the 0
index (up).
The charge conjugation matrix in 6 dimensions is c
0
, and the gamma
matrices are the rst factor of Γa in (A.5). Writing L and R for left- and









a0R = −Lγa0R ; (A.17)
such that although Γa and Γa
0




012345 = 1 = −012345 ; (A.18)
and we thus have
a1:::am b1:::b6−ma1:::am c1:::c6−m = −(6−m)!m!b1[c1 : : : b6−mc6−m] : (A.19)




a1:::a6γak+1:::a6Γ ; Sk =
{
+1 : k = 0; 1; 4; 5
−1 : k = 2; 3; 6
(A.20)
where Γ is +1 on left-handed and −1 on right-handed spinors. We denote





def ; Fabc =
1
2
(Fabc  F abc) : (A.21)
Remark that omitting the Ωij in C this becomes the symmetric charge
conjugation matrix from 6 dimension.
As we did already when using explicit indices in the second part of ap-
pendix A.1, we will omit tildes on the γ matrices when chiral spinors are
used, as the place where these matrices occur shows automatically which one
is meant.



















= ii = 
ii =  =  : (A.23)
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A.3 SO(5) notation
We can replace USp(4) notation with SO(5). We identify Ωij with the charge
conjugation matrix in 5 dimensions, which is thus real and antisymmet-
ric. An Ω-traceless antisymmetric tensor X ij can then be translated to a




















ij Ua0b0 : (A.24)
Note that this implies
U  12ijUij = 14ijγa
0b0
ij Ua0b0 = 
a0b0Ua0b0 : (A.25)
For vectors and spinors of Spin(5) we have
UX
a0 = a





We will often therefore omit the USp(4) indices, implying a NW-SE con-
vention for summation indices:
 = ii ; γa0 = 
i(γa0)i
jj ; (A.27)
so γa0 matrices are supposed to have their indices in the position (γa0)i
j.
When taking Majorana conjugates, γa, γab and γa0b0 are the matrices which





This gives thus the antisymmetric structures between spinors of equal chi-
rality. For spinors of opposite chirality the symmetric combinations are







A.4 (6; 2) Clifford algebra
The general properties of this algebra can once more be extracted from [31].
We start from the 6-dimensional matrices in (A.5) (omitting the USp(4)
part). The SO(6; 2) indices will be indicated by ^ = 0; 1; : : : ; 7, and we use
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as signature (−++++++−). The gamma-matrices and charge conjugations
















= C^Γ^ : (A.30)
The second factor here is thus not in the internal USp(4) space as in (A.5),
but are 2 2 matrices, with 12 = i3. To dene chirality we rst obtain





⊗ 3 : (A.31)
We will indicate with ^ the index of right-handed spinors in 8 dimensions.























Its two parts are separated as eigenvectors of
Γ^67 = ⊗ 3 : (A.33)





























Let us repeat that we drop the tildes in the main text where these matrices
act on chiral or antichiral 6d spinors.
7We work here in flat space where γµ are the constant matrices γa from above.
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A.5 Forms and integration





e1    epp1 ; (A.36)
where the wedge product between forms will always be understood. The
following relations are easily derived,




d6x  = −
∫
d6x  ; (A.38)













Note also that e.g. in contrast to [4] we consider the dierentials as space-
time derivatives, commuting with the spinors.
B More on the conformal algebra
In the general rule for the transformation of a eld, (2.4), appears the Lorentz





j −mikmkj = −[m] ij + [m]ij : (B.1)
Note the sign dierence between the commutator of these matrices and the
commutator of the generators, which is due to the dierence between ‘active
and passive’ transformations. See e.g. also for transformations on a eld of
zero Weyl weight: (transformations act only on elds, not on explicit x)
Da






= aD@(x) = Da
P(x) : (B.2)
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The explicit form for Lorentz transformation matrices is for vectors (the
indices i and j are of the same kind as  and )
m

 = −[] ; (B.3)
while for spinors, (where i and j are (unwritten) spinor indices)
m = −14γ : (B.4)
It is interesting to see how the transformations of derivatives of elds get
similar to those of covariant derivatives in gauged conformal gravity. E.g. for
a scalar of weight w (and without extra special conformal transformations)
we get
C@(x) = 
(x)@@(x) + wD(x) @(x)
−M(x)@(x) + D(x)@(x)− 2wK(x) : (B.5)
If one would consider the covariant derivatives in a local approach then the
appropriate covariant derivative is
Da(x) = e

a (@ − w b)(x) : (B.6)
Due to a ‘theorem on covariant derivatives’ (see section 2.5 of [19]) one only
has to consider some transformations of the gauge elds to obtain the full
result of its transformation. One discovers that the last line of (B.5) exactly
contains these extra terms.
C Details on M 5-brane and -symmetry
To determine the  transformations, we rst do not x . The transforma-
tion of XM in (5.8) is sucient to determine that c3 transforms as
c3 = ( )ΓMNd
MN + d(something) : (C.1)
We then x the -transformation of B such that it cancels with the second
term above in H. We thus obtain B as in (5.21) and




H = M1M2dΓM1M2 or H = 6()γ[@] : (C.2)
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This xes all the transformations in terms of .
Now calculate progressively the -transformations of the objects which










































u2vvg ! v = 12vvvg







































We make use of the expression γ, dened in (5.20), and satisfying






T  = 4γγ + 6γH[v] + 2HH(v)γ − 2HHvvγ
= 4γγ + 6γH[v] − 1pg (v)HHvγ ; (C.6)
using































v@ γ − 12Hgg








v@ γ − 12Hgg




U = 4γ − 1p
g











The quantities T  and U are related by
U = T  with  = γ + 1
2
Hvγ − 116pg HHγ : (C.10)

















 = 0 : (C.12)




G  ; (C.13)
consistent with Γ2 = 1. Indeed, then invariance is obtained by the rule (5.19),
and Γ is given by (5.20).
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